We study triplets of Hilbert space operators satisfying a certain inequality. A range inclusion theorem with norm estimate for those triplets is given with the language of Kreȋn space geometry and de Branges-Rovnyak space theory.
Introduction
Let T 1 , T 2 and T 3 be bounded linear operators on a Hilbert space H. In this paper, we are going to study triplet (T 1 , T 2 , T 3 ) satisfying the following inequality:
(1.1) (i) T 1 z 1 (ε) + T 2 z 2 (ε) − T 3 z 3 (ε) → u (ε → 0) in the strong topology of H,
where u M(T ) denotes the norm of u in the de Branges-Rovnyak space induced by T . This paper is organized as follows. In Section 2, by giving examples from operator theory on Hardy spaces, it is shown that T(H) is nontrivial. In Section 3, we study indefinite inner product spaces induced by triplets in T(H), and prove the main theorem (Theorem 3.1). In Section 4, we investigate the local structure of range spaces of operators appearing in Section 3.
Examples
Trivial examples of triplets in T(H) are easily obtained from Douglas' range inclusion theorem. We shall see that T(H) is nontrivial. 
Then this norm inequality is equivalent to that
Further, we choose ψ 1 and ψ 2 from H ∞ satisfying
Then, setting t and y = (y 1 , y 2 , y 3 ) t in H ⊕ H ⊕ H, the inner product of x and y in K is defined to be
For basic Kreȋn space geometry, see Dritschel-Rovnyak [3] . Let (T 1 , T 2 , T 3 ) be a triplet in T(H). Then we define a linear operator T as follows:
The adjoint operator T ♯ of T with respect to inner products of H and K is obtained as follows:
that is, we have that
In particular, we have that
Note that T is positive and contractive. Consider the operator V : ran
Then it follows from the identity
that V is an isometry and T ♯ (ker T ) ⊥ is a pre-Hilbert space. Let K 0 be the completion of T ♯ (ker T ) ⊥ with the norm induced by (3.1), and let V : ranT → K 0 denote the isometric extension of V , in fact, V is unitary. Then
is commutative. Further, it follows from (3.1) that T ♯ is bounded in (3.2). Hence, we can take the Hilbert space adjoint T of T ♯ in (3.2). We summarize basic properties of T in the following proposition:
Proposition 3.1. Let T : K 0 → L be the Hilbert space adjoint of T ♯ in the sense of (3.2). Then
Proof. Suppose that Tx = 0 for some x in K 0 . Then there exists a sequence {w n } n in L = (ker T ) ⊥ such that x − T ♯ w n K 0 → 0 as n → ∞. Hence we have that
Thus we have (i). Further, since
we have (ii). It follows from (ii) that
This concludes (iii).
Let M(T ) denote the de Branges-Rovnyak space induced by T , that is, M(T ) is the Hilbert space consisting of all vectors in ran T with the pull-back norm
where P (ker T ) ⊥ is the orthogonal projection from H onto (ker T ) ⊥ .
Theorem 3.1. Let H be a Hilbert space. For any triplet (T 1 , T 2 , T 3 ) in T(H), we set
If u belongs to M(T ), then, for any ε > 0, there exists some vector z ε = (z 1 (ε), z 2 (ε), z 3 (ε))
(iii) z ε converges to some vector z in the strong topology of K 0 and u = Tz.
Proof. Let {E λ } λ∈R be the spectral family of T , and we set
Suppose that u = T x where x is in L = (ker T ) ⊥ . Then, for arbitrary ε > 0, put
We note that y ε and z ε belong to L and K 0 , respectively. Then we have that
Hence we have that
Thus we have (i). Further, it follows from T y ε = x ε that
This concludes (ii). Finally, since
z ε converges to some vector z in K 0 , and
Tz ε = Tz.
Thus we have (iii).
Corollary 3.1. Suppose that H is of finite dimension. If u belongs to M(T ), then there exists some z = (z 1 , z 2 , z 3 ) t in H ⊕ H ⊕ H such that
Proof. If ε > 0 is sufficiently small, then E ⊥ ε = P (ker T ) ⊥ . Theorem 3.1 can be generalized to any finite operator tuple (T 1 , . . . , T m , T m+1 , . . . , T n ) satisfying
In particular, the proof of Theorem 3.1 can be applied to the de Branges-Rovnyak complement
Theorem 3.2. Let H be a Hilbert space. For any triplet (T 1 , T 2 , T 3 ) in T(H), we set
Then, for any v in H(T ) and ε > 0, there exists some vector w ε = (w 0 (ε), w 1 (ε), w 2 (ε), w 3 (ε))
In the proof of Theorem 3.1, we essentially showed that M(T ) is contractively embedded into M( T). Moreover, applying the same method in the proof of Theorem 4.3 stated in the next section, we can conclude that the converse is also true, that is, M(T ) = M( T) as Hilbert spaces. However, K 0 and T seem to be rather elusive obejects. Thus, in the next section, we will investigate the local structure of range spaces of T and T.
Local structure of range spaces
In this section, we need some facts from de Branges-Rovnyak space theory and Kreȋn space geometry. Let H and G be Hilbert spaces, and let A be any bounded linear operator from H to G. Then M(A) denotes the de Branges-Rovnyak space induced by A, that is, M(A) is the Hilbert space consisting of all vectors in ran A with the pull-back norm Ax M(A) = P (ker A) ⊥ x H = min{ y H : Ay = Ax}, where P (ker A) ⊥ denotes the orthogonal projection onto (ker A)
⊥ . The following theorem seems to be well known to specialists in Hilbert space operator theory. The first half of Theorem 4.1 is known as Shmuly'an's theorem (see Corollary 2 of Theorem 2.1 in Fillmore-Williams [4] ). For the second half (norm identity) and also the proof, we referred to Ando [2] . 
